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Abstract

This note considers concentration bounds and some applications in learning theory.

1 Introduction

In a variety of settings, it is of interest to obtain bounds on the probability of tails of a random vari-
able, or two-sided inequalities that guarantee that a random variable is close to its mean or median,
e.g., in Figure 1(a). In this note, we explore some elementary techniques for obtaining both deviation
and concentration inequalities, mainly refer to Wainwright (2019); Duchi (2021); Mohri et al. (2018),
and their applications in learning theory, refer to Ma (2022). For different kinds of distributions, the
property of the distribution tail varies. Some distributions have light tails and decay fast, while others
may have heavy and long tails and decay slowly, refer to Figure 1(b). We will discuss some of them in
the remaining sections.

R,
L T2

Log-Cauchy

Cauchy,

Pareto, Burr, log-gamma,
stable, lognormal, Weibull,

heavy-tailed ¢ long-tailed

> - -exponential-Gamma

> sub-exponential
Gaussian
Bounded distribution

light-tailed < sub-Gaussian

PIX¢M—E) PiXaM+E)

¥ R,
TR

M-€ M M+E
(a) Tail Probability (b) Distribution Tails

Figure 1: Concentration of Tails

We start with the famous concentration theorem in an asymptomatic way.

Theorem 1.1 (Weak Law of Large Number). Let {X,} be a sequence of i.i.d. random variables, with
expectation [EX then

1 n
E};Xk—mx—m (1.1)

in probability.

However, we are more interested in how close the average is to its expectation given finite samples
in practice, which is also the non-asymptomatic view.



2 Classical bounds

2.1 General Inqualities

Theorem 2.1 (Markov Inequality). Given a non-negative random variable X with finite mean, we have

lP[XZt]S@ Vi>0 (2.1)
Proof. This is a simple instance of an upper tail bound.
E[X]= J:o xP(X = x)dx > Jm xP(X = x)dx > tJm P(X = x)dx = tIP[X > t] (2.2)
t t
O

Corollary 2.2 (High-order moments bound). For a random variable X with E[X] = y, which has a finite
expectation of a central moment IE[lX - ylk] of order k,

E[1x - ] »

P[IX —pl > t] < o

>0 (2.3)

Specially, with finite variance, we have Chebyshev Inequality:

var(X
PIX - 2 1] < 2

V>0 (2.4)

Proof. Apply markov inequality, |X — u/¥ is a non-negative random variable, with finite expectation of
central moment, then for all t >0

E[IX - plt]

PIX —pl 2 ] = P[IX - 2 5] < ——

(2.5)

O

Theorem 2.3 (Chernoff Bound). Suppose that random variable X has a moment generating function in a
neighborhood of zero, meaning that there is some constant b > 0 such that the function ¢(1) = E [e/\(X—M)]
exists for all A € [-b, b], then

E [ez\(X*#)]

= Vt>0,1¢€[0,b] (2.6)
e

PIX -2 t] = P[!¥ 1 > eM] <
Optimizing the choice of A so as to obtain the tightest result yields the Chernoff bound,

- i AX=p)] Z oAt
P[X th]SAéﬂ{b]{lE[e |-e') vezo0 (2.7)
Remark 2.4. In general, Markov inequality and Chebyshev inequality are sharp in the sense that we
can find some distribution for which the bound is tight. However, for small tail ¢, the bound derived
from Markov (Chebyshev) inequality goes to infinite, which is terrible. In many cases (some kinds of
distributions), we can improve the O(1/t%) rate to an O(exp(poly(t))) rate, and we still have a tight bound
for small tail . An example is as follows.

Example 2.5 (Gaussian tail bounds). Let X ~ N/ (;4, 02) be a Gaussian random variable with mean y and
variance 2. We have -

E[\X 1] =e™F, vieR (2.8)
By optimizing the choice of A defined in Chernoff bound, we obtain

2

P[X -y >t] Se’zt? Yt >0 (2.9)



Proof. By [° exp(-x?)dx = v/, we have

E[exp(A(X - exp(/\x— xz)dx

1
0o V2102

(/\2 2) 1 )
=ex expl-=——=|x—- Ao )dx
V2n02 (

207! (2.10)
/\2 2) Vroo 1 .
= ex . V202 exp(-y?)d = ——(x-\o?)
p( 2 -0 V2102 Py Y V252
A2g2
ol
Therefore, taking A = g—tz by Chernoff bound, we have
1252
_ ; AX=p) | _ pAtl =
P[X ]let]Silélez{IE[e ] } exp{lnf 5 +/\t}
2 (2.11)
ool 2]
O

2.2 Sub-Guassian Variables and Bounds

Motivated by Chernoff Bound and Guassian example, we introduce the following class of random vari-
ables.

Definition 2.6 (sub-Guassian Variable). A random variable X with mean p = E[X] is sub-Gaussian if
there is a positive number ¢ such that

20_2
E["XM]<e™ vaeR (2.12)

The definition requires that the central moments of X exist and grow mildly,
E[etX] = i/\—kIE(X — n) (2.13)
Lk # '
k=0

Theorem 2.7 (sub-Gaussian Bound). Any sub-Gaussian variables satisfy the concentration inequality
for tails, for V>0
+2

PX-pu>t)VP(X—pu<-t)<e 27 (2.14)
Proof. Similar to Chernoff technique in Example 2.5 and optimize the parameter A. O

Example 2.8 (Bounded random variables). Random variable supported on some interval [4,b] is sub-

Gaussian with o = bza.

A2(b-a)?
Proof. We assume EX = u = 0 for simplification. By definition, we aim to prove IE[e’\X] <e 8 . By

convexity and bounded assumpetion, we have

* <

e Vx € [a,b]



Take expectation on both sides,

—a b
IE[e/\X] < e/\b + e/\u

“b-a b-a
=yl (1—9)e " u=Ab-a)>0, :_bia (2.15)
2 o8(u)
Then we analyse the bound of g(u).
gu)=—yu+In(ye’+1-y)  g(0)=0
W=y L g0)=0
g - yet+1-y §\= (2.16)
” Veu(l _7/) 1 2
SYR ASLSEIS SR >
g (u) Gers1-yp =1 (a+b)? > 4ab
By Taylor’s theorem and Lagrange remainder, we have
’ uz 77
g(u)=g(0)+ug'(0)+ —-¢g"(&)  &€[0,u]
2 (2.17)
P Ul |
T8 T
Thus, we complete the proof by combining Equation 2.17 and 2.15. O

Property 1 (sub-Gaussian random variables are closed under linear combination). If Xj,---,X,, are in-

dependent sub-Gaussian with parameter o7,--+,072, then Z = Y"" | X; is sub-Gaussian with parameter
2_yn 2
0" =Li=10;

Proof. The property is easy to verify by definition.

E[e' D] = E|[ [ EX)

1

n

n LI a?
_ HIE[eA(X,-—IEXn] < M (2.18)
1 i=1

O

As a consequence of the property 1, we obtain an important result applicable to sums of independent
sub-Gaussian random variables, known as the Hoeffding bound.

Theorem 2.9 (Hoeffding Bound). Suppose that the variables X;,i = 1,...,n are independent, and X; has
mean y; and sub-Gaussian parameter ;. Then,

n 2
t
§ X, —p)<—t|<exp{—-——% V>0 2.19
( 1 ”ll) :| Xp{ 22;1:1 0_12} ( )

n

Z(Xi_,“i) >t

i=1

r vIP

i=1

In particular, if X; is supported on [a;, b;], we have

n

Y (Xi—p) =t

i=1

n

Z(Xz’—ﬂi)ﬁ—t]ﬁexp[—z—tzz] V>0 (2.20)
Yii(bj—aj)

i=1

P vIP

Corollary 2.10 (Uniform bound from Hoeffding bound). Suppose that the variables X;,i = 1,...,n are
independent, and Vi, X; has mean y and sub-Gaussian parameter o;. Then, with probability at least 1 -9,

'%i(xi—ﬂ)‘s\/%log(g) (2.21)




In particular, if X; is supported on [a;, b;], then with probability at least 1 -9,

1 c 2

_ . < _ - .

; ;(xl y)’ <5 1og(3) (2.22)
where ¢ = % v (b - ;)%
Proof. Refer to Theorem 2.9, let 6 = 2exp(—2”Ct2 ) and solve the solution of ¢. O

Theorem 2.11 (Equivalent characterizations of sub-Gaussian variables). Given any zero-mean random
variable X, the following properties are equivalent:

2,2
¢ There is a constant ¢ > 0 such that forall 1€ R [E [e/\X] < eA 2

e There is a constant ¢ > 0 and Gaussian variable Z ~ N(O, Tz) such that foralls>0 TP[|X|>s]<

cP[|Z]| = 5]
* There is a constant 6 > 0 such that forallk=1,2,... IE[sz] < %92}‘
AX2
* There is a constant o > 0 such that forall A€[0,1) [E [e 202 [ < 117/\
Proof. See Section 2.4 in Wainwright (2019) for the proof of these equivalences. O

2.3 Sub-Exponential Variables and Bounds

The notion of sub-Gaussianity is fairly restrictive, so we now turn to the class of sub-Exponential vari-
ables, which are defined by a slightly milder condition on the moment generating function, i.e., the
moment generating function exists in a neighborhood of zero:

Definition 2.12 (sub-Exponential Variables). A random variable X with mean y = IE[X] is sub-exponential
if there are non-negative parameters (v, b) such that

A2y2

IE[e/\(X_”)]Se 2 V|A|<% (2.23)

Theorem 2.13 (Sub-exponential tail bound). Suppose that X is sub-exponential with parameters (v, b).
Then

. 2 2
P[X-pu>t]VP[X-p<—-t]<{¢ » ‘fOSt%VT:eXP(—lmin{t—z,f}) t>0 (2.24)
e fort>* 2 v2'b

Proof. We still assume p = 0 without generality. We follow the usual Chernoff-type approach and com-
bine it with the definition of the sub-exponential variable:

2,,2
P(X > 1) < e ME[e?X] < exp (<At + 20)  Ae[0,1/b),¢> 0

———
g(At)

In order to complete the proof, it remains to compute the quantity g*(¢) := inf,¢[o,1/5)g(A,#) for each
fixed t > 0. Note that the unconstrained minimum of the function g(-, ) occurs at A* = v—";

2 . . . .

If 0 <t < -, the unconstrained optimum corresponds to the constrained minimum as well, so that

. 2 .
¢*(t) = =35 over this interval,



If t > "72, g(-,t) is monotonocally decreasing in the interval [0, 1*], the constrained minimum is
achieved at the boundary point A* = 1/b, and we have
t  v? t v2
=g\ )=t < - t> —
§t)=gX\t)=—g+ o3 <57 5
O

Example 2.14 (Laplace Variable). (p, €)-Laplace distribution with y mean and € > 0 parameter: f(x) =

1 Ix #l
e exp

Proof.

, which is a sub-exponential variable with parameter (2¢,€).

[ 0 [+
E[eM X1 = f e ie*%‘ dx = i {J eM X gy 4 j e("i)xdx}
SN 26 26 PSS 0

1 € € 1 1

__6(/\6—1-1_/\6—1)_1_/\262 |/\|<E (2.25)
12.4¢2 1
SeXp( €) <2

Clearly, the moment generating function does not exist for || > 1/€e. The tail of this distribution does not
decay as fast as the Gaussian variables, but we still can find useful bounds through Theorem 2.13. [

Example 2.15 (Exponential Variable). 6-exponential distribution defined in X € [0, c0) with parameter
0 > 0: f(x) = B¢ 9%, which is a sub-exponential variable with parameter (%, %).

Proof. The mean of exponential distribution is [E(X) = fooox -0e %%dx = —[e‘exx|;° —JOOO e‘exdx] = 5.
(Integration by Parts: Judv =uv —fvdu.)
IE[e’\(X_é)]: 9?/\6_% A<0
1
:1_ye ¥ =exp(-log(l-v)-v) y=—=¢€(0,1)
[ S——
8)
2 2
y y (2.26)
< —_ , 1
_eXp(l_y) gW)<{—ve(01)
1
<exp(2y’)  ye(0,5)
2

O
Example 2.16 (x? Variable with 1 degree of freedom). Let Z ~ A/(0, 1), and consider the random variable

X = Z2, which is a sub-exponential variable with parameter (2, 4).

2dz_—F(ze_27°° —f ):—\/%?(0—\/%):1.

Proof. The mean of X is E(X) = fm 2

—00
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0 1
E[eMXD :J AP T
[ ] —00 V2T[

A (o) - (o]
_ e ef%zzdz= e \/E J efyzdy Y= 1—2/\2
V211 J-oo 2 V1 -2 J-o 2 (2.27)
= e’ Ae|0 1)
Vi-22 "2
2
<V = e%, Ael0

)
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Property 2 (sub-exponential random variables are closed under linear combination). Consider an inde-
pendent sequence of {X;};_, of random variables, such that X has mean yy, and is sub-exponential with
parameter (v, by). Then the variable Z = ) |, X is sub-exponential with parameters (v, b,), where

Ve i= Zv,f b, := kmax by (2.28)

1,..,n

this observation leads directly to the upper tail bound (lower tail bound is the same)

t2 _ r12t2

1 1 27/3 <t < Vs
—Z(Xk—ﬂk)ZtlS e forO<t<.;
n —nt v?
i=1 e 2 fort>

[N]

- 0 for0<t<

e vy or < __"
E (X —pr) 2t < . )2 b, P
i=1 e 26 for t > -

P

*

(2.29)
Proof. By independence and sub-exponential property,
AT Kep0)] - T T [ A e ] < T 220202 AN 1
IE[e k=1 ]_Il:lllE[e ]sll:lle k _exp[7-k:1vk], |/\|<m (2.30)
The concentration bound can be directly obtained by Theorem 2.13. O

Example 2.17 (x? variables). A chi-squared x? random variable with n degrees of freedom, denoted
by Y ~ x2, can be represented as the sum Y = Yo Z]? where Z; ~ N(0,1) are i.i.d. variates. Conse-
quently, the y?-variate Y is sub-exponential with parameters (v,b) = (2y/1,4), and the preceding discus-
sion yields the two-sided tail bound

v o,
E;Zk—l

Proof. Together with Example 2.16 and Property 2, we know Y is a sub-exponential variable with pa-
rameter (24/n,4). Then by Theorem 2.13, we can derive the bound. O

P

> t} <2¢8 forallte(0,1) (2.31)

2.3.1 Bernstein’s type Bound

The sub-exponential property can be verified by explicitly computing or bounding the moment gener-
ating function. This direct calculation may be impracticable in many settings, so it is natural to seek
alternative approaches. One method is based on control of the polynomial moments of X as follows:

Definition 2.18 (Bernstein’s condition). Given a random variable X with mean p = [E[X] and variance
o2 =E[X - ,u]z, we say that Bernstein condition with parameter b holds if
1
‘IE[(X - y)k” < Sklo?W 7 fork=2,3,4,... (2.32)
Indeed, if the random variables have a small variance, we would like to see it reflected in the expo-
nential tail bound where the variance does not appear in Hoeffding’s inequality.

Theorem 2.19 (Bernstein’s type Bound). For any random variable satisfying the Bernstein condition, we
have

A(X—p) A262/2 1
]E[e %]gefbw for all |A| < & (2.33)



and moreover, the concentration inequality
2

P[IX -y > t] < 2¢ A7) forall t>0 (2.34)

In particular, X is (V20, 2b)-sub-exponential. Finally, if X;,---,X,, are i.i.d. random variables satisfying
Bernstein condition with b. Then, it holds that

1

1 nt?
P[E ) Xi—p)> t] < exp(——z(az +bt)) P

i=1

n _ 2
Z(Xi—V)Zt]Sexp(m) (2.35)

i=1

Proof. W.o.g., we assume y = 0, and by Bernstein condition we have

1262 & AKEXK 126? A%20? & o 1
- <1+ 55— - -
Elexp(AX)] =1+ St s 1+ >t (IA1b) Al < b
k=3 k=3
A?o? 1
=1+ TO oI (by geometric series)

- (2.36)
Ao
< A * >
_eXp(2(1—|A|b)) e >1+x,VxelR
A2(v20)? 1
< 77 _
exp( 5 |A] < 5

Thus, variable X satisfying Bernstein condition is a (V20,2b) sub-exponential variable. In addition to
the concentration bound derived by the sub-exponential theorem, we can get a sharper one.
252

P(X-u>t)=P (e/\(X_") > e’\t) < E[e"XM].eM < exp ( 5 5

1
= Tb/\)—/\t) /\E[O,—)

(2.37)

< 2 let A = ! <1
SOP 02 0] T o2 x bt b

Here we just choose an approximated minimizer A to get a simplified expression in the Chernoff bound,
rather than the exact minimizer 1*. Besides, we omit the proof of the bounds for the sum of these
independent variables, since it’s easy to verify. O

Example 2.20 (Bounded variable). Let X be a random variable with mean y such that |X — y| < b, then
we have variance 02 = E(X — y)? < b%. Then the Bernstein condition is satisfied with b/3, and it is a

(V20,2b/3)-sub-exponential variable. We have sub-exponential bound as

+2
P A 302
IP[X—IMZt]S e 4‘12 lfOStSZ% (238)
e w3 fort> 3%
and Bernstein-type bound as
2
PX-p>t]<e 275 forallt>0 (2.39)
and sub-Gaussian bound with parameter b as
2
PX-pu>t]<e » forallt>0 (2.40)
Proof. Note that for k > 2, % > 3k-2 (can be verified by induction). Thus,
1 b k-2
|1E[(X_P,)k]|5‘IE[(X_‘M)ZH.|]E[(X_#)k‘2]‘ggzbk_zsEk!az(g) fork=2,3,4,... (2.41)

It means the Bernstein condition is satisfied with b/3, and applies the Theorem 2.13, 2.19 and 2.7. O



Corollary 2.21 (Uniform bound for Bernstein-type bound). Suppose that the variables X;,i =1,...,n are
independent, and Y1, X; has mean p and satisfies Bernstein condition with parameter (o;, b;). Then, with

probability at least 1 -9,
2
g%bloggﬂlzilogz (2.42)

In particular, if |X; — | < b, then with probability at least 1 -9,

1 v 2b, 2 202 2
nZ(x ;4)‘ —nloggﬂlTlog5 (2.43)

i=1

n

1
- Z(Xi -1

i=1

Proof. Refer to Theorem 2.19, let 6 = 2exp( W ) By solving the equation, we have

b 2 b 2\> 202 2 2 2 202 2
= — — — — —_— <_ _ .
t n10g6+\/(n10g5) + log log — +\[ logé (2.44)

The last inequality is due to Va+b <+a+ Vb,Ya>0,b>0. O

Remark 2.22. For bounded Variables, we can both apply sub-Gaussian bound, sub-exponential bound
and Bernstein-type bound. Since 02 = [(X 1) ] < b?, this sub-exponential bound and Bernstein-type
bound sometimes can provide sharper inequality than the sub-Gaussian bound, because they use the
information of variance. E.g., when 02 <« b2, as would be the case for a random variable that occasionally
takes on large values, but has a relatively small variance. Such variance-based control frequently plays
a key role in obtaining optimal rates in statistical problems.

In particular, we can take an interpretation from an example of a bounded variable. Referring to
uniform bound 2.10 and 2.21, consider a sequence of i.i.d. variables where |X; — u| < b, we have event
with probability at least 1 - 9:

n

Hoeffding: ‘% Z(X’ -p)| <

202 2 ~(b
Tlog— —O(—)

— 0 \Vn
l; (2.45)
.1 202, 2 2b, 2 ~[o b
M il < _— — —_— — = e —
Bernstein " Z(Xl p)| < . log 5% 3, log 5 O( Nz n)

i=1

Therefore, for random variables with a small variance compared to their range, Bernstein-type inequal-
ity can give a sharper bound.

Theorem 2.23 (Bennett’s type Bound). Bennett’s inequality is a strengthening of Bernstein’s inequality,
which is at least as good as Bernstein’s inequality:

¢ Consider a zero-mean random variable such that |X;| < b for some b > 0, and aiz =var(X;). Then

er_1-
logIE[ AX]<(72/12{W} forall 1 e R (2.46)

* Given mdependent random variables Xi,..., X, satisfying the condition of part (1), let o2 :=
1y | o7 be the average variance. Then

Zx >né}<exp{ = h(fﬁ)} (2.47)

where h(t) :=(1+t)log(1+¢t)—t for t > 0.



Proof. See proposition 3.19 in Duchi (2021). O

Theorem 2.24 (Equivalent characterizations of sub-exponential variables). For a zero-mean random
variable X, the following statements are equivalent:

v2)2

e There are non-negative numbers (v, b) such that for all |}| < % ]E[e/\x] <e 2

* There is a positive number ¢y > 0 such that IE[e"X] < oo for all |A] < ¢p.

 There are constants cj,c; > 0 such that forall t >0 IP[|X|>¢t] < cje 2!

xk 1/k
* The quantity y :=sup;., [T] is finite.
Proof. See Section 2.5 Appendix B in Wainwright (2019). O

2.4 One-side Bound

Theorem 2.25 (One-sided Bernstein’s inequality). If X < b almost surely, then

]E[e/\(X—lE[X])] <exp|————=| forall A€[0,3/b) (2.48)

sx[e)
-5

Consequently, given n independent random variables such that X; < b almost surely,

r

Y nd?
;(Xi -E[X;]) > né} < exp{—z(% . ]E[Xf] " b—f)] (2.49)

Proof. See Proposition 2.14 in Wainwright (2019). Since the random variable is only bounded from
above, we can only derive bounds on its upper tail, rather than both sides. O

3 Martingale-based methods

So far, we introduce various types of bounds on sums of independent random variables. Many problems
require bounds on more general functions of independent random variables, i.e., f(Xy,...,X;). In this
case, we would like to understand when f(Xj,...,X,) concentrates on its expectation. One classical
approach is based on martingale decompositions. There are several references introducing this, Duchi
(2021) is one high-level treatment not requiring measure-theoretic knowledge, and Wainwright (2019)
gives a more rigorous definition.

3.1 Martingale

Definition 3.1 (Martingale). Given a sequence {Yj};, of random variables adapted to a filtration {7 }?,,
the pair {(Yy, %)}r~, is a martingale if, for all k > 1,

E[|[Yk|]<oo and [E[Yjy1 | F] =Y (3.1)

It is frequently the case that the filtration is defined by a second sequence of random variables {Xj};7;
via the canonical o—fields 7 := 0(Xj,..., Xk). In this case, we say that {Y;};2, is a martingale sequence
with respect to {X; ).

Definition 3.2 (Martingale Difference). Let Dy, D,,... be a sequence of random variables. They form a
martingale difference sequence if Y, := ) ' | D; is a martingale. In particular, for k > 1, we have

E[|Di]<co and E[Dgy | %] =0.

10



Example 3.3 (Doob Martingales). Given a sequence of independent random variables {X;};,, define
Y =E[f(X)| Xy,...,Xg] for k=1,...,n—1, and Yy = E[f(X)], Y, = f(X) for some function f : X" — R.
Suppose that E[|f(X)|] < oo, then {Y;};2, is a martingale sequence with respect to {Xj};?,, associated
with function f.

Proof. In term of the shorthand X{‘ =(X4,...,X), for the first property we have
E{1vil) = B[ [E[£00 1 4] | < Bl 000 < oo

where the bound is due to the convexity of ||, that is |1EX,<+1:,, [f(X)|X{‘]| < IEXM:,,“f(X)”)X{(' Turning to
the second property, we have

E[Yeor | X = E[E[£00) | X5 ] 1 xF] 2 B[F00) 1 X5] = %2

where we have used the tower property of conditional expectation in step (i). O

Remark 3.4. By the definition of Doob martingale, we see that Yj, is a constant, and the random variable
Y, will tend to exhibit more fluctuations as we move along the sequence from Y to Y,,. Thus, the
martingale approach can result in the tail bound based on the telescoping decomposition,

n

FOO-EIf(X)] =Yy~ Yo=) (Ye=Yiy) (3.2)
kZIH/—/
Dy

where the sequence {Dy}}/_, is an example of a martingale difference sequence, which captures exactly the
difference between f and its expectation, and plays an important role in the development of concentra-
tion inequalities.

Example 3.5 (Partial sums as martingales). Let {X};2, be a sequence of i.i.d. random variables with
mean y, and define the partial sums Sy := Z;?:l X;. Defining F = 0 (Xy,..., Xg), the variable S is mea-
surable with respect to 7, then Y := Sy —kpu for k > 1 is a martingale sequence with respect to {Xj};2;.

Proof. The recentered partial sums of an i.i.d. sequence is the simplest instance of a martingale.

E[Yisr [ A]=E[Sks1 = (K+Dp [ Xy, Xi] = E[Xpyq —pl + Sk —kp = Yi.

3.2 Concentration bounds for martingale difference sequences

With these motivating ideas introduced, we turn to provide generalizations of our concentration in-
equalities from sub-Gaussian, sub-exponential sums to sub-Gaussian, sub-exponential martingales.

Definition 3.6 (Sub-Gaussian martingale difference). Let {(D,%)};~; be a martingale difference se-
quence, Then Dy is a okz—sub—Gaussian martingale difference if

1252

E[e*Pr | By <e 7" Vkand A€R (3.3)

Theorem 3.7 (Azuma-Hoeffding Inequality). Let {(Dy, F)};=, be a okz—sub—Gaussian martingale differ-
ence sequence. Then M,, = Y }_, Dy is Y _, oZ-sub-Gaussian, and,

nt?

P[M,>t|]VP[M, <-t]<exp|-—=—
(M, > 1]V P[M, < ] p[msz

) V>0 (3.4)

11



Corollary 3.8 (McDiarmid Inequality). Let X; be independent random variables, and f : X" — R satisfy
bounded difference with constants ¢;. Thatis, Yi=1,...,n, xi’ € X" and x; e X, we have

'f (chl,x,-,xﬁrl)—f(xi*l,xlf,x?+1 )| <c;. (3.5)

It implies that martingale difference |D;| < ¢;. Then, M,, = f(X) - E[f(X)] is %Zle ¢?-sub-Gaussian, and

1

2t2

P[M, >t]VIP[M, < -t] < exp[
i=16i

] Vt>0 (3.6)
Proof. This condition also means that f is c-Lipschitz with respect to the Hamming norm dy(x,y) =
Y, I[x; # v;], which counts the number of positions in which x and p differ, then the bounded differ-
ence inequality holds with parameter L uniformly across all coordinates. O

Definition 3.9 (Sub-exponential martingale difference). Let {(Dy, F)};~; be a martingale difference se-
quence, Then {Dy;} is a (v, by)-sub-exponential martingale difference if

IE[el\Dk |]'7<—1] < eV Vkand |Al < 1/by 3-7)

Theorem 3.10. Let {(Dy, Fx)}i~; be a (vg, by)-sub-exponential martingale difference sequence. Then

2
e_zz'klle”ﬁ if0<t< Din
P[M, >t]VP[M, <-t] < t T (3.8)
e fes Had
Theorem 3.11 (Azuma-Bernstein Inequality). Let {(Dy, F¢)};~; be a martingale difference sequence, and
|Di| < C, Var(X|F_1) < criz. Then for M,, = ) }_, Dy,

2
Z(Zzzl 01-2 + %Ct)

Example 3.12 (Rademacher Complexity'). Let X be some space, and let F be some collection of func-
tions f : X — RR. Let ¢; € {-1,1} be a collection of independent random sign vectors. Then the empirical
Rademacher complexity of F is

P[M, >t]VP[M, < -t]<exp

(3.9)

1
Rn (./T | X?) = EIE

n
sup Zsif(xi)}, (3.10)
f€]: i=1

where the expectation is over only the random signs ¢;. (In some cases, depending on context and
convenience, one takes the absolute value |Zl~ &f (xi)|.) The Rademacher complexity of F is

Ry(F):=E[R,(F|X])], (3.11)

the expectation of the empirical Rademacher complexities.
If f:X — [by,by] for all f € F, then the Rademacher complexity satisfies bounded differences,
because for any two sequences x{ and z{' differing in only element j, we have

=E supei(f(xj)—f(zj)) <by-by. (3.12)

n|R, (F [x]) =Ry (F | 2])| < Efsup ) e (f (i)~ f (21)
feF i feF

2
Consequently, the empirical Rademacher complexity satisfies R, (]-" | X?)—Rn(]-") is % sub-Gaussian

by Theorem 3.24.

1 This quantity captures the richness of a family of functions by measuring the degree to which a hypothesis set can fit random
noise, and it plays an important role in generalization error analysis.
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4 Uniformity, basic generalization bounds, and complexity classes

In this section, we will apply concentration bounds to learning problems, and provide the non-asymptotic
guarantee on the sub-optimality of the learned model by empirical risk-minimizing, mainly based on
Ma (2022); Mohri et al. (2018).

4.1 Setup
4.1.1 Supervised Learning

In supervised learning, we have a dataset where each data point is associated with a label, and we aim
to learn from the data a function that maps data points to their labels. Formally, suppose we draw a set
of niid. data points D = {x(),y)}"_ from a specific joint probability distribution P over X x, the goal
is to learn a function h : X — ) using the training data, i.e., h(x) = 9, which is also called a hypothesis
or model or predictor. We define a loss function to measure how good a model is, [ : Y x ) — R, and
assume [(7,y) > 0, i.e., the difference between the prediction made by h and the true label.

Precisely, we aims to find a model h that minimizes the expected loss (or population risk, expected risk,
also well-known as generalization error Mohri et al. (2018)?):

L(h)= E [{(h(x),)] (4.1)
(x,9)~p

In practice, we don’t have a way of optimizing over arbitrary functions. Instead, we work within a more
constrained set of functions H, which is called hypothesis family or hypothesis class, e.g., linear functions
or neural networks. Given one particular function i € H, we define the excess risk of h with respect to
H:
E(h) £ L(h) - inf L(g). (4.2)
geH

Generally, we need more assumptions about a specific problem and hypothesis class to bound absolute
population risk, hence we focus on bounding the excess risk.

Usually, the family we choose to work with can be parameterized by a vector of parameters 6 € ©.
In that case, we can refer to an element of H by hg, making that explicit.

4.1.2 Empirical risk minimization

Our ultimate goal is to minimize population risk. However, in practice we do not have access to the
entire population: we only have a training set of n data points, drawn from the same distribution as the
entire population. We can compute empirical risk, the loss over the training set, and try to minimize
that and find the minimizer of L, i.e., 6 £ argminL(hg). The paradigm is known as empirical risk

0c®
minimization (ERM):

n n

gleigf(he) 2 % Zg(hg (x1),9@) = % Z€((x(i),y(i)),6) (4.3)

i=1 i=1

Besides, we know that empirical risk and population risk are equal in expectation (over the randomness
of the training dataset). This is one reason why it makes sense to use empirical risk: it is an unbiased
estimator of the population risk.

The key question that we seek to answer is: what guarantees do we have on the excess risk for the
parameters learned by ERM? The hope with ERM is that minimizing the training error will lead to
small testing errors. One way to make this rigorous is by showing that the ERM minimizer’s excess risk
is bounded.

2They define generalization error on binary classification under 0/1-binary loss, which can be applied more generally.
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4.2 Uniform Convergence and Generalization

Uniform convergence is a key tool for proving non-asymptotic guarantees on excess risk, where we have
bounds of the following form:

P|sup|L(6)-L(O) <e|=>1-6 (4.4)
6c®
Let’s look at a motivating example on why this type of bounds is useful. Assume we have a bounded
loss function, e.g., I((x,v),0) € [0,1]. First, we can decompose the excess risk into three terms via tele-
scoping sums:
L(6)-L(6")=L(0)-L(6)+L(6)-L(6")+L(0")-L(6). (4.5)
—_—
(1) 2 3)

A

we know the second term is non-positive since 6 is a minimizer of L. Thus,

L(6)-L(0%) <|L(6) - L(O)| + L(6) - L(6") + |L(6") - L(6")
<|L(6)- (é|+0+1L L(e*)

<2sup|L(0)-L(O)|.
0O

(4.6)

This result tells us that if supg.g |L(6) - L(6)] < /2, then excess risk L(6) — L (6*) < &, which is exactly in
the form of the uniform convergence.
Let us try to apply our knowledge of concentration inequalities to this problem. Earlier we assumed

that €((x,v);0) is bounded, so we can bound (3) by O ( \f) via Hoeffding’s inequality 2.9. However, we

cannot apply the same concentration inequality to (1): since 0 is data-dependent by definition, the i.i.d.
assumption no longer holds. (To see this, note that 0 depends on the training dataset {(x(i),y(i))}, so the

terms in /L\(é),ﬁ((x(i),y(i)); é), all depend on the training dataset too.) This is concerning: it is certainly
possible that L(6) — L() is large. You’ve probably encountered this yourself when a model exhibits low
training loss, but high validation/testing loss. That’s why we aim to construct uniform convergence, i.e.,
YO € ©,L(0) converges.

4.2.1 Derive uniform convergence bound

The high-level idea is as follows:
* Suppose we have a bound of the form Pr[lI:(G) —-L(O)| > 6’] < &’ for some single, fixed choice of 6.

* If we know all possible values of 8 in advance, we can use the above bound to create a more general
bound over all values of 0.

Thus, we use the union-bound inequality to create the general bound:
Pr[v0 €©,|L(0)-L(0)| 2 &'] < ZPr[IL LO) 2] (4.7)
0€0

We can then use Hoeffding’s inequality to deal with the summands as 6 there is no longer data-dependent.

4.2.2 Intuitive interpretation of uniform convergence

Since uniform convergence implies generalization, if we know that population risk and empirical risk
are always "close," then the excess risk is "small" as well (Figure 2(a)). In fact, it is possible to show that
not only is L(6) "close" to L(0) for sufficiently large data, but that the "shape" of L is "close" to the shape
of L as well (Figure 2(b)). This holds for the convex case; furthermore, there are conditions under which
this holds in the non-convex case.
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(a) (b)

Figure 2: These curves demonstrate how we apply uniform convergence to bound the population risk.
The blue curves are the unobserved population risk we aim to bound. The green curves denote the
empirical risk we observe. Though this curve is often depicted as the fluctuating curve used in Figure
2(a), it is more often a smooth curve whose shape mimics that of the population risk (Figure 2(b)).
Uniform convergence allows us to construct additive error bounds for the excess risk, which are depicted
using the red, dashed lines.

4.2.3 Finite hypothesis class

Theorem 4.1 (Uniform Convergence for Finite Hypothesis Class). Suppose that the hypothesis class H
is finite and that the loss function I is bounded in [0,1], i.e. 0 <I((x,v),h) <1. Then Vo s.t. 0 <O < %,
with probability at least 1 — 6, we have bound for uniform convergence

In|H| +1n(2/6)

_1 < . .
|L(h)—L(h)| < 211 YheH (4.8)
As a corollary, we also have bound for excess risk
Ly—L() < \/Z(InIHI ;111(2/5))' (49)

Proof. The proof is in two steps:

1. Use concentration inequalities to prove the bound for a fixed h € H, then

2. Let Ej, = {|L(h) = L(h)| > €} :, and use a union bound across all the h. (Recall that if Ey,..., Ej are a
finite set of events, then the union bound states that Pr(E; U---UE}) < Zle Pr(E;).)

PEh s.t. |[L(h)—L(h)| > €) < ZPr(lﬁ(h) —L(h)|=ze€)< 2|H|exp(—2ne2). (4.10)
heH
Take 0 = 2|H|exp (—21162), we obtain the bound. O

Compared with standard concentration inequality, we have the such bound depending on each h,

VheH, whp. |ﬁ(h)—L(h)|§5(%). (4.11)
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In contrast, the uniform convergence bound we obtain from Theorem 4.1 is uniform over all h € H:

lnIHI)

n

wh.p. VheH, |L(h)-L(h)< 5( (4.12)
Hence, the extra In|H| term that depends on the size of the finite hypothesis family H can be viewed as
a trade-off in order to make the bound uniform.

4.2.4 Infinite hypothesis class

We can’t generalize the results from the previous section directly to the case where the hypothesis class
is infinite, which is uncountable. However, if we consider a bounded and continuous parameterized space
of H, we can obtain a similar uniform bound by applying brute-force discretization.

Assume that the infinite hypothesis class H = {hg : 6 € R,||6||, < B}. The intuition behind brute-force
discretization is as follows: Let Eg = {IL(6) - L(0)| > €} be the "bad" events. We want the bound the
probability of any one of these bad events happening (i.e. |JgEg ). The union bound does not work
as we end up with an infinite sum. However, the union bound is very loose: these events can overlap

with each other significantly. Instead, we can try to find "prototypical” bad events Eg,,..., Eg,, that are

somewhat disjoint so that (JgEp =~ Ug\; Eg,. We can then use the union bound on Uf\il Eg, to get a
non-vacuous upper bound.

Theorem 4.2 (Uniform Convergence for Infinite Hypothesis Class). Suppose €((x,),0) € [0,1], and
{((x,v),0) is k-Lipschitz in 6 with respect to the ¢{,-norm for all (x,y). Then, with probability at least
1 - O(exp(—Q(p))), we have

Vo, |LO)-L(O) <0 ,

\/pmax(lnucBn), 1) J (4.13)

Proof. See Section 4.3.2 in Ma (2022). O

5 Other Content

5.1 Understanding Generalization Error: Bounds and Decompositions

The quantity analyzed in the previous section L(0) is also known as Generalization Error, which is quite
important for learning theory. We have described the simplest type — uniform convergence bound based
on the capacity of the function class searched by an algorithm. Here we will discuss the generalization
error in a deeper view, refer to Mohri et al. (2018); Agarwal (2018).

In many learning algorithms, they may choose a sufficiently complex model to achieve low training
error L(0), while the generation error would not always decrease together with training error. For ex-
ample, a high-degree polynomial kernel, a neural network with a large number of hidden nodes, and
so on. We observed that models of low complexity tend to underfit the data, while models of high com-
plexity tend to overfit the data, and they both suffer over the generalization error. The challenge is that
the "right" model complexity depends on the unknown data distribution, and so must also be estimated
from the data itself. This is known as the model selection problem.

There are two different views for understanding this issue. One is Estimation-Approximation Error
Decomposition, and the other one is Bias-Variance Decomposition.

5.1.1 Estimation-Approximation Error Decomposition

The Generalization error is decomposed as follows:

L() = (L(Q) - inf L(e’))+ (eig(faL(e’) —L(e*)) ) (5.1)

Irreducible Bayes error

Estimation Error in ©  Approximation Error in ©
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Recall that the Bayes error is the smallest possible generalization error over all possible mapping; it
is an irreducible error associated with the distribution P, sometimes also called the "noise" intrinsic to P.
The approximation error of H measures how far the best model in H is from the Bayes optimal classifier;
it is a property of the function class H. The estimation error measures how far the learned classifier hg
is from the best model in H; this is a property of the learning algorithm, and depends on the training
sample D (for a good learning algorithm, one would expect that the estimation error would become
smaller with increasing sample size n ). Figure 3 also demonstrates this idea, a tread-off between the
estimation error and approximation error.

Generalization error

Hypothesis class

A~ Estimation error prr ST TR s
E ] ln)i\tialiAzati?n Optimal Fit '- Optimal Maps
i N R f,6,9 i f, 0,4
§ . & '.’ ..':E R i . N i
Approximation error ' d Stérrr;i::on Apprg)::r;anon

Model complexity - I TS N ey s

(a) Complexity and Errors (b) Decomposition

Figure 3: For a fixed sample size, as model complexity increases, the approximation error decreases,
while the estimation error increases. A high value of either contributes to a high generalization error:

high approximation error is associated with underfitting; high estimation error is associated with over-
fitting.

Based on such decomposition, one can using structual risk minimization to allow the function class
H to grow with sample size n (so that the approximation error goes to zero), but does slowly that can

estimate a good function in the class (so that the estimation error also goes to zero). See Section 4.3 in
Mohri et al. (2018).

5.1.2 Bias-Variance Decomposition

The bias-variance decomposition aims to understand the average generalization error of the model hp
over any dataset with a fixed size, if we trained an algorithm on several different training datasets D.
Thus, our goal is to understand the behavior of average (expected) generalization error’

7

n

=S gy () -2 (5.2

n e
i=1

EplL(hp)]=) P(D=D")i(hp)=) P(D=D"):
D’ D’

Define an "average" model ii(x) = Ep[hp(x)], then the average (expected) generalization error can be
decomposed as follows?, refer to Agarwal (2018),

Ep[L(hp)] = Ep|(hp(x) - yP)?| = Ep [(hp(x) ~ h(x) + h(x) - )]
= Ep [(hp(x) = h(x))*]| + Ep [((x) -y + y - ")’

7 2 7 2 D\2 (5.3)
= Ep [(hp(x) - 1(x))*]+ (h(x) - p)> + Ep [(y - 3°)?]
S——— [
Variance Bias Irreducible Error

3This decomposition is most natural in the context of regression under squared loss, and the sampled label yP of x in the
dataset D may not equal to its real label p.

4Note that here, the notions of bias and variance apply to an algorithm, not necessarily to a function class.
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The variance term is related to the "stability" of an algorithm: an algorithm with high variance has
low stability, in the sense that changing the training sample D a little can produce a very different
model hp. The practice of bootstrap aggregation (bagging), where one creates multiple randomly se-
lected bootstrap samples from a given training sample D and aggregates (averages) the models learned
from the various bootstrap samples, can be viewed as a practice aimed at reducing variance. This is
especially useful in reducing the error of algorithms that otherwise have high variance, such as decision
tree learning algorithms.

The bias term is related to the "accuracy" of an algorithm, and low bias means being closer to the
correct label in expectation, referring to Figure 4(b) and Fortmann-Roe (2012).

Looking at Figure 4, as more and more parameters are added to a model, the complexity of the
model rises and variance becomes our primary concern while bias steadily falls. For example, as more
polynomial terms are added to linear regression, the greater the resulting model’s complexity will be.
In other words, bias has a negative first-order derivative in response to model complexity while variance
has a positive slope.

Low Variance High Variance

(Average) Generalization error

&

3

L

N Variance

1
o
=
w

&

Bias? 5

z

Model complexity =
(a) Complexity and Errors (b) Decomposition Example

Figure 4: For a fixed sample size, as model complexity increases, the bias typically decreases, while the
variance typically increases. A high value of either contributes to a high (average) generalization error:
high bias is associated with underfitting; high variance is associated with overfitting.

5.2 More examples

Similar issues also arise in the setting of bandits and RL. In particular, the uniform convergence is
fundamental for the class of UCB algorithms, which can be obtained through Hoeffding or Bernstein-
type inequality.
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